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a b s t r a c t
For a given graph H , a non-increasing sequence π = (d1, d2, . . . , dn) of nonnegative in-
tegers is said to be potentially H-graphic if there exists a realization of π containing H as
a subgraph. The split graph Kr + Ks on r + s vertices is denoted by Sr,s. In this paper, we
give a Rao-type characterization for π to be potentially Sr,s-graphic. A simplification of this
characterization is also presented.
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
A sequence π = (d1, d2, . . . , dn) of nonnegative integers is said to be graphic if it is the degree sequence of a simple
graph G on n vertices, and such a graph G is referred to as a realization of π . The following well-known result due to Erdős
and Gallai [1] gives a characterization for π to be graphic.
Theorem 1.1 (Erdős and Gallai [1]). Let π = (d1, d2, . . . , dn) be a non-increasing sequence of nonnegative integers, where∑n
i=1 di is even. Then π is graphic if and only if
t−
i=1
di ≤ t(t − 1)+
n−
i=t+1
min{t, di} for each t, 1 ≤ t ≤ n.
For a given graphH , a graphic sequenceπ = (d1, d2, . . . , dn) is said to be potentially H-graphic if there exists a realization
of π containing H as a subgraph. In [4], Gould et al. obtained the following Theorem 1.2, that is an extension of a result of
Rao from [9].
Theorem 1.2 (Gould et al. [4]). If π = (d1, d2, . . . , dn) has a realization G containing H as a subgraph, then there exists a
realization G′ of π containing H so that the vertices of H have the |V (H)| largest degrees of π .
If π = (d1, d2, . . . , dn) has a realization G containing Kr+1 on those vertices having degree d1, . . . , dr+1, then π is
potentially Ar+1-graphic. It follows from Theorem 1.2 that a non-increasing sequence π = (d1, d2, . . . , dn) is potentially
Ar+1-graphic if and only if it is potentially Kr+1-graphic. In [8], Rao gave a characterization for π to be potentially Kr+1-
graphic. This is a generalization of the Erdős–Gallai characterization of graphic sequences (Theorem 1.1).
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Theorem 1.3 (Rao [8]). Let n ≥ r + 1 and π = (d1, d2, . . . , dn) be a non-increasing sequence of nonnegative integers, where
dr+1 ≥ r and∑ni=1 di is even. Then π is potentially Kr+1-graphic if and only if
p−
i=1
(di − r)+
r+1+q−
i=r+2
di ≤ (p+ q)(p+ q− 1)− p(p− 1)+
r+1−
i=p+1
min{q, di − r} +
n−
i=r+q+2
min{p+ q, di} (a)
for any p and q, 0 ≤ p ≤ r + 1 and 0 ≤ q ≤ n− r − 1.
A simplification of Theorem 1.3 is also presented in [8].
Theorem 1.4 (Rao [8]). Theorem 1.3 remains valid if condition (a) is assumed only for those p and q for which dp > dp+1 or
p = 0 or p = r + 1 and dr+1+q > dr+2+q or q = 0 or q = n−m− 1.
The original proof of Theorem 1.3 remains unpublished, but Kézdy and Lehel in [6] have given a different proof using
network flows.
Let Sr,s = Kr + Ks, a split graph on r + s vertices, where Ks is the complement of Ks and + denotes the standard join
operation. Clearly, Sr,1 = Kr+1. Therefore, the graph Sr,s is an extension of the graph Kr+1. If π = (d1, d2, . . . , dn) has
a realization G containing Sr,s on those vertices having degree d1, d2, . . . , dr+s such that the vertices of Kr have degree
d1, . . . , dr and the vertices of Ks have degree dr+1, . . . , dr+s, then π is potentially Ar,s-graphic. We will show in Section 2
that a non-increasing sequence π = (d1, d2, . . . , dn) is potentially Ar,s-graphic if and only if it is potentially Sr,s-graphic
(Lemma 2.1). The purpose of this paper is to consider the problem of characterizing the potentially Sr,s-graphic sequences.
This problem has been considered for various small values of r and s in [2,5,7,10–12]. In this paper, we establish a Rao-type
characterization of the most general case. That is the following.
Theorem 1.5. Let n ≥ r + s and π = (d1, d2, . . . , dn) be a non-increasing sequence of nonnegative integers, where dr ≥
r + s− 1, dr+s ≥ r and∑ni=1 di is even. Then π is potentially Sr,s-graphic if and only if
p−
i=1
(di − r − s+ 1)+
r+p′−
i=r+1
(di − r)+
r+s+q−
i=r+s+1
di ≤ (p+ p′ + q)(p+ p′ + q− 1)− p(p− 1)− 2pp′
+
r−
i=p+1
min{q, di − r − s+ 1} +
r+s−
i=r+p′+1
min{p′ + q, di − r} +
n−
i=r+s+q+1
min{p+ p′ + q, di} (b)
for any p, p′ and q, 0 ≤ p ≤ r, 0 ≤ p′ ≤ s and 0 ≤ q ≤ n− r − s.
A simplification of Theorem 1.5 is also presented as follows.
Theorem 1.6. Theorem 1.5 remains valid if condition (b) is assumed only for those p, p′ and q for which dp > dp+1 or p = 0 or
p = r, dr+p′ > dr+p′+1 or p′ = 0 or p′ = s and dr+s+q > dr+s+q+1 or q = 0 or q = n− r − s.
Note. We can show that the case s = 1 of Theorem 1.5 is Theorem 1.3. We only need to verify that (a) holds for any p and
q, 0 ≤ p ≤ r + 1 and 0 ≤ q ≤ n− r − 1 is equivalent to (b) holds for s = 1 and any p, p′ and q, 0 ≤ p ≤ r, 0 ≤ p′ ≤ 1 and
0 ≤ q ≤ n− r − 1. It is easy to see that (b) holds for s = 1, p′ = 0 and any p and q, 0 ≤ p ≤ r and 0 ≤ q ≤ n− r − 1 and
(b) holds for s = 1, p = r, p′ = 1 and any q, 0 ≤ q ≤ n − r − 1 is equivalent to (a) holds for any p and q, 0 ≤ p ≤ r + 1
and 0 ≤ q ≤ n− r − 1. Now assume that (a) holds for any p and q, 0 ≤ p ≤ r + 1 and 0 ≤ q ≤ n− r − 1. Clearly, (b) holds
for s = 1, p′ = 0 and any p and q, 0 ≤ p ≤ r and 0 ≤ q ≤ n − r − 1. For s = 1, p′ = 1 and any p and q, 0 ≤ p ≤ r and
0 ≤ q ≤ n− r − 1, we have that
p−
i=1
(di − r)+ (dr+1 − r)+
r+1+q−
i=r+2
di ≤
p+1−
i=1
(di − r)+
r+1+q−
i=r+2
di
≤ (p+ 1+ q)(p+ 1+ q− 1)− (p+ 1)p+
r+1−
i=p+2
min{q, di − r} +
n−
i=r+q+2
min{p+ 1+ q, di}
≤ (p+ 1+ q)(p+ 1+ q− 1)− p(p− 1)− 2p+
r−
i=p+1
min{q, di − r} +
n−
i=r+2+q
min{p+ 1+ q, di}.
Therefore, (b) holds for s = 1, p′ = 1 and any p and q, 0 ≤ p ≤ r and 0 ≤ q ≤ n− r − 1.
2. Proofs of Theorems 1.5 and 1.6
We first give the following Lemma 2.1.
Lemma 2.1. A non-increasing sequenceπ = (d1, d2, . . . , dn) is potentially Ar,s-graphic if and only if it is potentially Sr,s-graphic.
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Proof. We only need to prove that if π is potentially Sr,s-graphic, then it is potentially Ar,s-graphic. By Theorem 1.2, we
may choose a realization G of π with vertex set V (G) = {v1, v2, . . . , vn} such that dG(vi) = di for 1 ≤ i ≤ n, the
induced subgraph G[{v1, v2, . . . , vr+s}] of {v1, v2, . . . , vr+s} in G contains Sr,s as its subgraph and |V (Kr) ∩ {v1, v2, . . . , vr}|
is maximum. Denote H = G[{v1, v2, . . . , vr+s}]. If |V (Kr)∩ {v1, v2, . . . , vr}| = r , that is, V (Kr) = {v1, v2, . . . , vr}, then π is
potentially Ar,s-graphic. Assume that |V (Kr) ∩ {v1, v2, . . . , vr}| < r . Then, there exist an vi ∈ {v1, v2, . . . , vr} \ V (Kr) and
an vj ∈ V (Kr) \ {v1, v2, . . . , vr}. Let A = NH(vj) \ ({vi} ∪ NH(vi)) and B = NG(vi) \ ({vj} ∪ NG(vj)). Since dG(vi) ≥ dG(vj), we
have that |B| ≥ |A|. Now choose any subset C ⊆ B having |C | = |A|. Now form a new realization G′ of π by interchanging
the edges of the star centered at vj with endvertices in A with the non-edges of the star centered at vj with endvertices in
C , and interchanging the edges of the star centered at vi with endvertices in C with the non-edges of the star centered at vi
with endvertices in A. It is easy to see that G′ contains Sr,s on v1, v2, . . . , vr+s so that |V (Kr)∩ {v1, v2, . . . , vr}| is larger than
that of G, which contradicts to the choice of G. 
In order to prove Theorem 1.5, we shall use a simple version of a general result of Fulkerson et al. [3]. Let H be a simple
graph on the vertex set V (H) = {v1, . . . , vn}. We say that H satisfies the odd-cycle condition, if between any two disjoint
odd cycles there is an edge.
Theorem 2.1 (Fulkerson et al. [3]). Assume that H satisfies the odd-cycle condition with V (H) = {v1, . . . , vn}. There exists a
subgraph G ⊆ H such that every vertex vi has degree di, if and only if
(i)
∑n
i=1 di is even,
(ii) for every A, B ⊆ V (H) such that A ∩ B = ∅, we have−
vi∈A
di ≤ |{(vi, vj) : vivj ∈ E(H), vi ∈ A, vj ∈ V (H) \ B}| +
−
vi∈B
di.
Proof of Theorem 1.5. To prove the necessity, by Lemma 2.1, we may let G be a graph with vertex set V (G) = {v1,
v2, . . . , vn} such that dG(vi) = di for 1 ≤ i ≤ n and G contains Sr,s on v1, . . . , vr+s with V (Kr) = {v1, . . . , vr} and V (Ks) =
{vr+1, . . . , vr+s}. The removal of the edges induced by {v1, . . . , vr} and the edges between {v1, . . . , vr} and {vr+1, . . . , vr+s}
results in a graph G′ in which all degrees in {v1, . . . , vr} are reduced by r + s − 1 and all degrees in {vr+1, . . . , vr+s} are
reduced by r . For 0 ≤ p ≤ r, 0 ≤ p′ ≤ s and 0 ≤ q ≤ n− r− s, denote P = {vi|1 ≤ i ≤ p}, P ′ = {vi|r+1 ≤ i ≤ r+p′}, R =
{vi|p+ 1 ≤ i ≤ r}, R′ = {vi|r + p′ + 1 ≤ i ≤ r + s},Q = {vi|r + s+ 1 ≤ i ≤ q+ r + s} and S = {vi|q+ r + s+ 1 ≤ i ≤ n}.
The degree sum in the subgraph induced by P ∪ P ′ ∪ Q is at most (p + p′ + q)(p + p′ + q − 1) − p(p − 1) − 2pp′.
Therefore,
m =
p−
i=1
(di − r − s+ 1)+
r+p′−
i=r+1
(di − r)+
r+s+q−
i=r+s+1
di − ((p+ p′ + q)(p+ p′ + q− 1)− p(p− 1)− 2pp′)
is the minimum number of edges of G′ with exactly one endvertex in P ∪ P ′ ∪ Q . On the other hand, the maximum number
of edges of G′ with exactly one endvertex in R ∪ R′ ∪ S is
M =
r−
i=p+1
min{q, di − r − s+ 1} +
r+s−
i=r+p′+1
min{p′ + q, di − r} +
n−
i=r+s+q+1
min{p+ p′ + q, di}.
Graph G′ witnesses thatm ≤ M is true. Thus the necessity is proved.
We now prove the sufficiency. Let n ≥ r + s and π = (d1, d2, . . . , dn) be a non-increasing sequence of nonnegative
integers, where dr ≥ r + s − 1, dr+s ≥ r and∑ni=1 di is even. Let π ′ = (d′1, d′2, . . . , d′n), where d′i = di − r − s + 1 for
1 ≤ i ≤ r, d′i = di − r for r + 1 ≤ i ≤ r + s and d′i = di for r + s + 1 ≤ i ≤ n. Let H be the graph obtained from Kn with
vertex set V (Kn) = {v1, v2, . . . , vn} by deleting all edges of the complete subgraph induced by {v1, . . . , vr} and all edges
between {v1, . . . , vr} and {vr+1, . . . , vr+s}. It is easy to see that π is potentially Ar,s-graphic if and only if H has a subgraph
Gwith the degree sequence π ′ such that every vertex vi has degree d′i . Observe that between any two disjoint odd cycles of
H there is an edge. Therefore, H satisfies the odd-cycle condition and we may apply Theorem 2.1.
Let K = {v1, . . . , vr}, K ′ = {vr+1, . . . , vr+s} and A, B ⊆ V (H) such that A ∩ B = ∅. Let A1 = A ∩ K , A′1 = A ∩ K ′, A2 =
A\ (K ∪K ′), B1 = B∩K , B′1 = B∩K ′, B2 = B\ (K ∪K ′), and set p = |A1|, p′ = |A′1|, q = |A2|, b1 = |B1|, b′1 = |B′1|, b2 = |B2|.
For convenience, we denote
L(p, p′, q) =
p−
i=1
(di − r − s+ 1)+
r+p′−
i=r+1
(di − r)+
r+s+q−
i=r+s+1
di;
R(p, p′, q) = (p+ p′ + q)(p+ p′ + q− 1)− p(p− 1)− 2pp′ +
r−
i=p+1
min{q, di − r − s+ 1}
+
r+s−
i=r+p′+1
min{p′ + q, di − r} +
n−
i=r+s+q+1
min{p+ p′ + q, di};
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L′(A, B) =
−
vi∈A
d′i =
−
vi∈A1
(di − r − s+ 1)+
−
vi∈A′1
(di − r)+
−
vi∈A2
di;
R′(A, B) = |{(vi, vj) : vivj ∈ E(H), vi ∈ A, vj ∈ V (H) \ B}| +
−
vi∈B
d′i
= |{(vi, vj) : vivj ∈ E(H), vi ∈ A, vj ∈ V (H) \ B}| +
−
vi∈B1
(di − r − s+ 1)+
−
vi∈B′1
(di − r)+
−
vi∈B2
di.
Clearly, L′(A, B) ≤ L(p, p′, q).
|{(vi, vj) : vivj ∈ E(H), vi ∈ A, vj ∈ V (H) \ B}| is the number of counting the edges of H between A and V (H) \ (A ∪ B)
and double counting the edges induced by A. Thus, we get that
|{(vi, vj) : vivj ∈ E(H), vi ∈ A, vj ∈ V (H) \ B}| = (p+ p′ + q)(p+ p′ + q− 1)− p(p− 1)− 2pp′
+ q(r − p− b1)+ (p′ + q)(s− p′ − b′1)+ (p+ p′ + q)(n− r − s− q− b2)
= (p+ p′ + q)(p+ p′ + q− 1)− p(p− 1)− 2pp′ +
r−b1
i=p+1
q+
r+s−b′1−
i=r+p′+1
(p′ + q)+
n−b2
i=r+s+q+1
(p+ p′ + q).
Therefore,
R′(A, B) = |{(vi, vj) : vivj ∈ E(H), vi ∈ A, vj ∈ V (H) \ B}| +
−
vi∈B1
(di − r − s+ 1)+
−
vi∈B′1
(di − r)+
−
vi∈B2
di
≥ (p+ p′ + q)(p+ p′ + q− 1)− p(p− 1)− 2pp′ +
r−b1
i=p+1
q+
r+s−b′1−
i=r+p′+1
(p′ + q)+
n−b2
i=r+s+q+1
(p+ p′ + q)
+
r−
i=r−b1+1
(di − r − s+ 1)+
r+s−
i=r+s−b′1+1
(di − r)+
n−
i=n−b2+1
di
≥ (p+ p′ + q)(p+ p′ + q− 1)− p(p− 1)− 2pp′ +
r−
i=p+1
min{q, di − r − s+ 1}
+
r+s−
i=r+p′+1
min{p′ + q, di − r} +
n−
i=r+s+q+1
min{p+ p′ + q, di}
= R(p, p′, q).
It follows from L(p, p′, q) ≤ R(p, p′, q) that L′(A, B) ≤ R′(A, B). By Theorem2.1,H has a subgraphGwith the degree sequence
π ′ such that every vertex vi has degree d′i . Hence π is potentially Ar,s-graphic. Thus, the sufficiency is proved. 
Proof of Theorem 1.6. Let condition (b) hold (i.e., L(p, p′, q) ≤ R(p, p′, q)) for those p, p′ and q for which dp > dp+1 or p = 0
or p = r, dr+p′ > dr+p′+1 or p′ = 0 or p′ = s and dr+s+q > dr+s+q+1 or q = 0 or q = n− r − s. We will show that (b) holds
(i.e., L(p, p′, q) ≤ R(p, p′, q)) for any p, p′ and q, 0 ≤ p ≤ r, 0 ≤ p′ ≤ s and 0 ≤ q ≤ n− r − s. Suppose not. Let p, p′ and q
be such that
L(p, p′, q) > R(p, p′, q) (1)
and p+ p′ + q is smallest. Let
u = max{i|di = dp and i ≤ r},
v = max{j|dr+j = dr+p′ and j ≤ s},
w = max{k|dr+s+k = dr+s+q and k ≤ n− r − s}.
If p = 0, we define u to be 0; if p′ = 0, then v = 0; if q = 0, thenw = 0. By hypothesis, we have
L(u, v, w) ≤ R(u, v, w). (2)
By the choice of p, p′ and q, we also have that if p ≥ 1 then
L(p− 1, p′, q) ≤ R(p− 1, p′, q), (3)
if p′ ≥ 1 then
L(p, p′ − 1, q) ≤ R(p, p′ − 1, q), (4)
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and if q ≥ 1 then
L(p, p′, q− 1) ≤ R(p, p′, q− 1). (5)
Let α be the number of values of i for which di ≥ r+ s+q−1 and p+1 ≤ i ≤ r, β be the number of values of i for which
di ≥ r+ p′+ q and r+ p′+ 1 ≤ i ≤ r+ s, and γ be the number of values of i for which di ≥ p+ p′+ q and i ≥ r+ s+ q+ 1.
From (1) and (3)–(5) we get that
dp > r + s− 1+ q+ γ if p ≥ 1, (6)
dr+p′ > r + p′ + q− 1+ β + γ if p′ ≥ 1, (7)
dr+s+q > p+ p′ + q− 1+ α + β + γ if q ≥ 1. (8)
Now from (1), (2) and (6)–(8) we get after simplification
(u− p)(dp − r − s+ 1)+ (v − p′)(dr+p′ − r)+ (w − q)dr+s+q
< (u+ v + w)(u+ v + w − 1)− u(u− 1)− 2uv − (p+ p′ + q)(p+ p′ + q− 1)+ p(p− 1)+ 2pp′
− (u− p)q− (v − p′)(p′ + q)− (w − q)(p+ p′ + q)+
r−
i=u+1
(min{w, di − r − s+ 1} −min{q, di − r − s+ 1})
+
r+s−
i=r+v+1
(min{v + w, di − r} −min{p′ + q, di − r})+
n−
i=r+s+w+1
(min{u+ v + w, di} −min{p+ p′ + q, di})
≤ (u+ v + w − 1)(u− p+ v − p′ + w − q)+ u(p+ p′ − u+ 1)− 2uv + p(v − 1)+ (α − u+ p)(w − q)
+ (β − v + p′)(v − p′ + w − q)+ (γ − w + q)(u− p+ v − p′ + w − q)
= (u− p)(q+ γ )+ (v − p′)(p′ + q− 1+ β + γ )+ (w − q)(p+ p′ + q− 1+ α + β + γ )
≤ (u− p)(dp − r − s)+ (v − p′)(dr+p′ − r − 1)+ (w − q)(dr+s+q − 1),
that is
(u− p)+ (v − p′)+ (w − q) < 0,
a contradiction which completes the proof. 
3. Conclusion
Motivated by Theorem 1.5, it would be interesting to consider a broader problem of determining Rao-type characteri-
zations for other choices of H . Furthermore, the most general problem of finding Rao-type characterization of potentially
H-graphic sequences for arbitrary graph H is both interesting and challenging.
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